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Abstract
This paper deals with the existence of positive solutions to the singular elliptic
boundary value problem involving p-Laplace operator
–div(|∇u|p–2∇u) = h(x)
uα
+ k(x)uβ , x ∈ ; u(x) > 0, x ∈ ; u(x) = 0, x ∈ ∂;
where  ⊂RN (N ≥ 1) is a bounded domain with smooth boundary ∂, h ∈ L1(),
h(x) > 0 almost everywhere in, k ∈ L∞() is nonnegative, p > 2, α > 1 and
β ∈ (0,p – 1). A compatibility condition on the couple (h(x),α) is given for the
problem to have at least one solution. More precisely, it is shown that the problem
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1 Introduction




–pu = h(x)uα + k(x)uβ , x ∈ ,
u(x) = , x ∈ ∂,
u(x) > , x ∈ ,
()
where  is a bounded domain in RN (N ≥ ) with smooth boundary ∂, pu =
div(|∇u|p–∇u) is the standard p-Laplace operator with p > , h ∈ L(), h(x) >  almost
everywhere in , k ∈ L∞() is nonnegative, α >  and β ∈ (,p – ).
In the past few decades much attention has been devoted to nonlinear elliptic equa-
tions with singularities because of their wide applications in applied sciences, for example,
non-Newtonian ﬂuids, boundary layer phenomena for viscous ﬂuids, chemical heteroge-
nous catalysts, etc. (see, for example, [, ]). When p =  and the singularity is weak (i.e.,
 < α < ), the existence, uniqueness and multiplicity of positive solutions have been es-
tablished (see [–] and the references therein). By a result of Shi and Yao [] one knows
that if h ∈ C,γ (), h(x) ≥ , then () with p = ,  < α <  and k(x) ≡ λ has one and only
one solution u ∈ C,γ ()∩C,–α() for all λ ≥ . However, when the singularity is strong
(i.e., α > ), various diﬃculties arise and the situation becomes more complicated.
© 2015 Cong and Han; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly credited.
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A famous result obtained by Lazer and Mckenna (see []) showed that if h ∈ Cγ (),
h(x) >  for all x ∈ , then () with p = , k(x) ≡  and  < α < ∞ admits a unique solu-
tion u ∈ C,γ () ∩ C(). Furthermore, it was also shown in [] that the solution u is not
in C() if α >  and u ∈ H() if and only if α < . However, when h(x) does not have a
positive lower bound on , whether or not there is anH() solution of () may be deter-
mined by both h(x) and the parameter α. In particular, when h(x) behaves as distγ (x, ∂)
with γ ∈ R (i.e., there exist c,C >  such that cdistγ (x, ∂) ≤ h(x) ≤ C distγ (x, ∂) in ),
() with p =  and k(x) ≡  has a solution u ∈ H() if and only if α – γ < . Therefore,
it is reasonable to conjecture that () admits a solution in H() if and only if the couple
(h(x),α) satisﬁes some ‘compatibility condition’. A positive answer to this conjecture was
given by Sun in [], where she showed that () with p =  admits at least one solution in
H() if and only if there exists u ∈H() such that
∫

h(x)|u|–α dx <∞. (CD)
Note that the necessity of (CD) is obvious since if () has an H() solution u, then by




h(x)|u|–α dx = ∫

|∇u| dx – ∫

k(x)|u|+β dx < ∞. An additional signiﬁcant paper
is the paper by Crandall et al. [], where the existence of solutions to the more general
problem
Lu = g(x,u) in , u =  on ∂
was studied. Here L is a linear second order elliptic operator which satisﬁes the maximum
principle and g is positive and becomes singular uniformly in x as u→ . Their techniques
are also based on the use of sub-supersolution theorems.Another paperworthmentioning
is the one by Boccardo and Orsina [], in which they proved for p = , k(x) ≡  and
general α >  that () has only anHloc()-solutionwhen h(x) ∈ L(), h(x)≥≡ .However,
whether or not the solutions are H() functions was not answered there.
When p = , the corresponding results are much fewer. By using a sub-supersolution
approach and amountain pass theorem,Giacomoni et al. [] proved, among other things,
that when h(x) ≡ λ, k(x) ≡ ,  < α <  and p –  < β < p∗ –  (p∗ is the critical Sobolev
exponent of p), problem () has multiple weak solutions (depending on certain value of




–pu = a(x)g(u) + λh(u), x ∈ ,
u(x) = , x ∈ ∂,
u(x) > , x ∈ ,
()
where p > , g(u) is a non-monotone singular term, a ∈ L∞(), a(x) ≥  for almost ev-
ery x ∈ , λ is a nonnegative parameter and h(u) is continuous. They ﬁrst established a
sub-supersolution theorem and then proved, under some structural conditions, that the
problemhad at least oneweak solution inW ,p () by constructing ordered sub- and super-
solutions.
It is our purpose to investigate problem () with a general positive function h ∈ L().
We shall show that the compatibility condition (CD) on the couple (h(x),α) is also optimal
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for the existence of weak solutions to problem (). By weak solutions we mean that u ∈
W ,p () satisfying u(x) >  a.e. in  and
∫

[|∇u|p–∇u · ∇ϕ – h(x)u–αϕ – k(x)uβϕ]dx = , ∀ϕ ∈W ,p (). ()
Since h(x) does not have a positive lower bound on  in general, the sub- and super-
solutionmethod used in [] cannot be applied in our paper to prove the existence of weak
solutions to (). Instead, we will deal with () in variational framework and introduce the












As was pointed out in [], the main diﬃculty that arises in such problems is the absence
of integrability of u–α for u ∈ W ,p (), and all the inequalities related to u ∈ W ,p () will
not be ofmuch help. Therefore, one will encountermany diﬃculties in trying to ﬁndW ,p -
solutions by standard variational methods. The ﬁrst one is that there is a sharp contrast
between the case  < α < , for which the energy functional is continuous, and the case
α > , for which the energy functional is singular. In order to deal with this diﬃculty, we use
variational techniques in the spirit of the work by Sun et al. [] and consider the functional
I(u) under appropriate constraints to restore integrability. Another diﬃculty arises from
the nonlinearity of the p-Laplace operator, since generally one cannot deduce from un ⇀ u
inW ,p () the convergence |∇un|p–∇un ⇀ |∇u|p–∇u in L
p
p– (,RN ), which forces us to
derive more properties of the functional I(u) to deal with the weak convergence. Themain
results of this paper will be stated and proved in Section .
2 Main results
Very little can be done about I(u) unless we conﬁne ourselves to some subset of W ,p ()
because of the singularity of I(u), which results from that fact α > . To overcome this
diﬃculty, we ﬁrst deﬁne the set of the speciﬁc choice of constraints
N =
{
u ∈W ,p ();
∫







u ∈W ,p ();
∫

[|∇u|p – h(x)|u|–α – k(x)|u|+β]dx = 
}
.
Typically,N is not a closed set anymore for α >  (certainly not weakly closed). Moreover,
wewill equipW ,p () with the norm ‖u‖,p; = (
∫

|∇u|p dx) p due to Poincare’s inequality.
The subscript will be omitted when no confusion arises.
Under the above hypothesis, our main results of this paper read as follows.
Theorem . Let  ⊂ RN (N ≥ ) be a bounded domain with smooth boundary ∂,
k ∈ L∞() be a nonnegative function, h ∈ L(), h(x) >  a.e. in  (not necessarily with
a positive lower bound and possibly unbounded in ), and let p > , α > , β ∈ (,p – ).
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h(x)|u|–α dx < +∞. ()







[|∇u|p – k(x)|u|+β]dx < +∞.
Suﬃciency. The key to solving () relies on a natural interpolation between the two con-
straints N and N. For the convenience of the reader, we divide this part into three steps.
Step . Properties of N and N.
Note that, for any u ∈W ,p () with
∫

h(x)|u|–α dx <∞, there exists a rectilinear curve
t → tu in the positive semi-axis through N at t = t(u) satisfying tu ∈ N for all t ≥ t(u),
which implies that N is unbounded. Therefore, we know from () that N and N are
nonempty since t(u)u ∈N ⊂N. Moreover, along this curve,
I(tu)≥ I(t(u)u), ∀t > . ()




not continuous even on N, N is not anymore a closed set inW ,p ().
Finally, unbounded set N lies in the exterior of W ,p () (i.e., it stays away from a ball
centered at ). Suppose on the contrary that there is a sequence (un)⊂N with un →  in
W ,p (). Then, by using the reversed Hölder’s inequality, it follows that
(∫

















|un|dx→ ∞, since α > , which is clearly impossible. Therefore, there is
a positive constant c such that ‖u‖ ≥ c for any u ∈N.
Step . Properties of the minimizing sequence {un}.
Now we consider infN I . By Ekeland’s variational principle [], there exists a corre-
sponding minimizing sequence {un} ∈N satisfying:
(i) I(un)≤ infN I + n ;
(ii) I(un)≤ I(ω) + n‖un –ω‖, ∀ω ∈N.
We may assume that un ≥  in  since I(|un|) = I(u). Furthermore, the fact h(x) > 
a.e. in , α >  and the following inequality
∫





(since un ∈ N) guarantee that un(x) >  a.e. in . Moreover, one can observe from α > 
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for some constant C > , which, due to β < p – , implies the coercivity of I(u) on N
and then the existence of a constant c >  such that ‖un‖ ≤ c. Therefore, there exist a
subsequence of {un}, which is still denoted by {un}, and u∗ ∈ W ,p () such that un ⇀ u∗
weakly in W ,p (), strongly in Lp(), and pointwise a.e. in . We will try to show that































































































This together with the weak convergence of un ⇀ u∗ inW ,p () implies un → u∗ strongly
inW ,p (). Consequently, we have
|∇un|p–∇un ⇀
∣
∣∇u∗∣∣p–∇u∗ in L pp– (,RN). (s)
We shall distinguish two cases according to un belonging to N \N or N to show that
u∗ ∈N.
Case . Suppose that {un} ⊂N \N for all n large. Fix ϕ ∈W ,p (), ϕ ≥  and n by now.
Since un ∈N \N, h(x) is nonnegative in  and α > , we have
∫

h(x)(un + tϕ)–α dx≤
∫

h(x)u–αn dx < ‖un‖p –
∫

k(x)u+βn dx, ∀t ≥ .
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Subsequently, we can choose t >  suﬃciently small such that
∫

h(x)(un + tϕ)–γ dx < ‖un + tϕ‖p –
∫

k(x)(un + tϕ)+β dx,





(‖un + tϕ‖p – ‖un‖p
)





(un + tϕ)+β – u+βn
]
dx





(un + tϕ)–α – u–γn
]
dx.
Dividing both sides of the above inequality by t > , passing to the liminf as t →  and














h(x)[(un + tϕ)–α – u–αn ]









∣∇u∗∣∣p–∇u∗ · ∇ϕ – h(x)u∗–αϕ]dx≥
∫

k(x)u∗βϕ dx, ∀ϕ ∈W ,p (),ϕ ≥ . ()


















Case . There exists a subsequence of {un}, still denoted by {un}, that belongs to N.
Let ϕ ∈ W ,p (), ϕ ≥  and n be ﬁxed again. Then, for all t ≥ ,
∫

h(x)(un + tϕ)–α dx ≤∫

h(x)u–αn dx = ‖un‖p < +∞ since α > , which ensures the existence of a unique positive
number corresponding to un + tϕ, denoted by fn,ϕ(t), such that fn,ϕ(t)(un + tϕ) ∈ N, that
is, fn,ϕ(t) satisﬁes
f p––βn,ϕ (t)‖un + tϕ‖p – f –α–βn,ϕ (t)
∫

h(x)(un + tϕ)–α dx =
∫

k(x)(un + tϕ)+β dx.
It is easy to show that fn,ϕ(t) is continuous for all t ≥  by the dominated convergence the-
orem, and fn,ϕ() =  since un ∈N. Next, we shall show that fn,ϕ(t) has uniform behavior at
 with respect to n, i.e., |f ′n,ϕ()| ≤ C for suitable C >  independent of n. For this purpose,
we assume henceforth that
f ′n,ϕ() = limt→
fn,ϕ(t) – 
t ∈ [–∞, +∞].
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If the above limit does not exist, we can choose a positive sequence {tk} with tk →  (in-
stead of t → ) in such a way that qn := limk→∞ fn,ϕ (tk )–n ∈ [–∞, +∞], and replace f ′n,ϕ()
by qn. We ﬁrst derive the upper bound of f ′n,ϕ(). From fn,ϕ(t)(un + tϕ), un ∈N, we have
 = f pn,ϕ(t)‖un + tϕ‖p – f –αn,ϕ (t)
∫

h(x)(un + tϕ)–α dx – f +βn,ϕ (t)
∫

k(x)(un + tϕ)+β dx,




















h(x)(un + tϕ)–α dx
















(un + tϕ)+β – u+βn
]
dx.
Dividing by t >  on both sides of the above inequalities, letting t →  and noticing the
continuity of fn,ϕ(t), we arrive at
 ≥
[
p‖un‖p + (α – )
∫

































Since {un} ⊂ N (⊂ N) is bounded and N stays away from some ball centered at , the
above inequality necessarily implies that
f ′n,ϕ() ∈ [–∞, +∞) and f ′n,ϕ()≤ c uniformly for all large n ()
for some suitable constant c > .









∥un – fn,ϕ(t)(un + tϕ)
∥
∥
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k(x)u+βn dx (t → )
= –p –  – β
α –  ‖un‖
p –
(




h(x)u–αn dx (since un ∈N)
≤ –p –  – β
α –  ‖un‖
p ≤ –p –  – β
α –  c
p
 ,
we see that f ′n,ϕ() cannot diverge to –∞ as n→ ∞, that is,
f ′n,ϕ() ∈ (–∞, +∞) and f ′n,ϕ()≥ c uniformly in all large n ()
for some suitable real number c.
Putting together () and (), we ﬁnd that




∣ ≤ C uniformly in all large n. ()
Based on (), we are now in the position to locate u∗ in Case . Let ϕ ∈W ,p (), ϕ ≥ 






∣ + ‖ϕ‖n fn,ϕ(t)t
≥ n
∥
∥un – fn,ϕ(t)(un + tϕ)
∥
∥
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– p
(‖un + tϕ‖p – ‖un‖p
)





(un + tϕ)–α – u–αn
]
dx





(un + tϕ)+β – u+βn
]
dx.
Thus, dividing by t >  on both sides of the inequality, passing to the liminf as t →  and






















|∇un|p–∇un · ∇ϕ dx +
∫








|∇un|p–∇un · ∇ϕ dx +
∫





Since |f ′n,ϕ()| ≤ C uniformly in all n large, we know that h(x)u–αn ϕ is integrable in . Fur-











∀ϕ ∈W ,p (),ϕ ≥ . ()
Taking ϕ = u∗ in (), we get u∗ ∈N. By the same argument as in Case , we see also
u∗ ∈N. ()











∀ϕ ∈W ,p (),ϕ ≥ . ()
The strict positivity u∗(x) > , ∀x ∈  follows from the maximum principle [].
Step . Existence of weak solutions.
Finally, we will prove that u∗ ∈W ,p () is a solution to (). To show this, for arbitrary φ ∈
W ,p () and ε > , set+ε = {x ∈  : u∗(x)+εφ(x)≥ } and–ε = {x ∈  : u∗(x)+εφ(x) < }.


















[∣∣∇u∗∣∣p–∇u∗ · ∇(u∗ + εφ) – h(x)u∗–α(u∗ + εφ) – k(x)u∗β(u∗ + εφ)]dx






































Since the measure of –ε tends to zero as ε → , dividing the above expression by ε > 




∣∇u∗∣∣p–∇u∗∇φ – h(x)u∗–αφ – k(x)u∗βφ]dx≥ , ∀φ ∈W ,p ().




[∣∣∇u∗∣∣p–∇u∗∇φ – h(x)u∗–αφ – k(x)u∗βφ]dx = , ∀φ ∈W ,p (),
which means that u∗ is aW ,p -solution to (). The proof is complete. 
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